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Units 3 and 4: Specialist Mathematics

Outcome 1 Examples of learning activities

Define and explain key 
terms and concepts 
as specified in the 
content from the areas 
of study, and apply 
a range of related 
mathematical routines 
and procedures. 
It is expected that 
students will be able 
to use technology 
as applicable in the 
solution of problems, as 
well as apply routines 
and procedures by 
hand.

skills practice on standard mathematical routines through appropriate exercises; 
development of the ability to identify problems as either being in a standard form, 
or readily transformable to a standard form, the efficient and accurate application 
of the relevant mathematical routine (e.g. the application of anti-differentiation 
methods to combinations of functions, such as different types of rational and 
other quotient functions), and systematic checking of both the reasonableness 
and accuracy of results (does the anti-derivative function fit with the characteristic 
types of functions which result from identifiable cases of this type of problem, and 
does differentiation yield the original function?); the appropriate use of technology, 
such as the use of a spreasheet or computer algebra system to check working 
and explore variations on the rule of the original function would link this work to 
Outcome 3

error identification and analysis exercises, where students work through a range of 
‘worked solutions’ and identify and rectify missing steps or errors in working

construction of concept maps, summary or review notes related to a topic or area 
of study (e.g. the conditions under which different combinations of coefficients for 
a polynomial function can be related to the existence and number of real roots)

presentation of a range of typical problems associated with an area of study and 
worked solutions (e.g. applications of integration to volumes of revolution about 
either axis, and the generation of ‘interesting shapes’, by forming such solids from 
the area between curves to be rotated about the relevant axis)

assignments structured around the development of sample cases of standard 
applications of mathematical skills and procedures in readily recognisable 
situations (e.g. the application of parametric forms, including vector parametric 
form to specify curves in two and three dimensions – this can be checked by the 
use of computer algebra systems and hence linked to Outcome 3) 
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1.	 Consider the diagram:

	 Express u1 and u2 in terms of |u| and  
α and v1 and v2 in terms of |v| and ß; also 
express u·v in terms |u|, |v| and the angle 
included between u and v. Show that  
u·v =(|u| cos α)(|v| cos ß) + (|u| sin α)(|v| sin ß) 
and hence u·v = u1v1 + u2v2.

2.	 Let u and v be non-zero vectors and  
w = |v|u + |u|v. Show that 	 and  
hence show that w bisects the angle  
between u and v.

3.	 Three points P, Q and R have the respective 
position vectors p, q and k (p + q), where k is a 
positive real scalar. Find respectively the values 
of k for which: 	 is parallel to p; 	  is 
parallel to q; and P, Q and R are collinear.

4.	 Two distinct vectors p and q have the same 
magnitude. Draw a diagram representing p + q 
and p – q and use geometry to show that the 
vectors p + q and p – q are perpendicular. Use 
scalar product to verify this result.

5.	 Consider the diagram

Use the projection of u along v to express a, b  
and c respectively in terms of u and v.

Detailed example 1

A COLLECTION OF VECTOR QUESTIONS

ˆ ˆu.v u.v=

QR
 

PR
 

v
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b
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1.	 Use implicit differentiation to find 	 where  
x2y + xy2 = 6

2.	 Use calculus to find the points (ordered pairs) 
where the graph of the given equation  
4x2 + y2 – 8x + 4y + 4 = 0 has a vertical or 
horizontal tangent line.

3.	 Grain spills from a truck at a rate of 10 m3/min 
onto the top of a conical pile. The height of 
the pile is always three-eighths of the base 
diameter. How fast are the height and radius 
changing when the pile is 4 m high?

4.	 A particle moves along the parabola y = x2 
in the first quadrant in such a way that its x– 
coordinate increases at a steady rate of  
10 m/s. How fast is the angle of inclination 
θ of the line joining the particle to the origin 
changing when x = –4?

5.	 The slope field from a certain differential 
equation is shown below:

	

6.	 Which one of the following could be a specific 
solution to that differential equation? 

	 (A) y = x2	 (D) y = cos(x)

(B) y = ex	 (E) y = loge(x)

(C) y = e–x

Detailed example 2

A COLLECTION OF IMPLICIT DIFFERENTIATION, RELATED RATES AND DIRECTION (SLOPE) FIELD 

QUESTIONS

dy
dx

Outcome 2 Examples of learning activities

Apply mathematical 
processes, with an 
emphasis on general 
cases, in non-routine 
contexts, and analyse 
and discuss these 
applications of 
mathematics.

investigative projects (e.g. functions mapping points in the complex plane; 
direction (slope) fields for differential equations, including those suitably tackled by 
numerical techniques such as euler’s method)

problem-solving tasks (e.g. finding volume of different shaped containers)

modelling tasks (e.g. heating a greenhouse)

a set of applications questions requiring analysis and extended response related to 
a particular context (e.g. vector proofs of geometric results)

a report on item response analysis for a collection of multiple-choice questions 
(e.g. integrals of rational or quotient function)

presentation on research into a particular application of mathematics (e.g. the 
application of laws of motion to describing the behaviour of physical systems)

group work in the development of conjectures for general case propositions and 
the development and presentation (possibly as an oral presentation) of results 
involving general case arguments and proof
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Mass balance problems refer to a large collection of 
contexts where mass of a component of interest is 
flowing into and out of a confined space (the control 
volume). In addition to these mass flows, mass of 
the component may be generated within the control 
volume by conversion from another component, or 
may be reduced by decay to another component.

The law of conservation of mass which states that:

accumulation rate = inflow rate – outflow rate + 
generation rate – decay rate

can be used to provide a starting point for a range 
of modelling contexts.

Mass balance problems give the opportunity 
to apply modelling skills in new and interesting 
contexts of interest. While there are many mass 
balance contexts around engineering, they are 
mainly used to model environmental systems such 
as pollution in a lake and/or salinity. Assuming the 
control volume is well mixed, the corresponding 
differential equation is:

with the model parameters:

C =	 spatially uniform mass concentration of 
component within control volume

Ci =	mass concentration of component in inflow 
stream

Qi =	the volumetric inflow rate

Qo =	the volumetric outflow rate

V =	 the volume within control volume (e.g. lake)

M =	CV = the mass of component (e.g. salt or a 
contaminant)

g =	 generation rate (context specific)

d =	 decay rate (context specific)

An approach to generating tasks for such contexts 
to address Outcome 1 and Outcome 2 could 
involve:

1.	 investigation of model assumptions (e.g. well 
mixed assumption)

2.	 the prescription of model parameters  
(e.g. Qi = Qo, g(C,t) = 0 and d(C,t) = kCV)

3.	 the verification and interpretation of a 
proposed analytical solution

4.	 analyse dependence of analytical solution on 
initial conditions

5.	 interpret effect of the relaxation of a model 
assumption (e.g. Qi ≠ Qo and/or Ci = ƒ(t))

To also address Outcome 3, a task could be 
developed to incorporate:

6.	 the numerical solution of the relaxed model

7.	 an investigation of the general features of 
solution via the direction (slope) field of the 
governing equation (e.g. does the system 
approach steady state for a given Ci = ƒ(t))

Detailed example 1

A MODELLING TASK

dM
dt V dC

dt C Q CQ g C t d C ti i o= = − + −( , ) ( , )
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The logistic equation is a model governing population growth in an environment with limited available resources. 
If P(t) is the population at time t, then the logistic equation is given by :

Where the constants k and L are related to the particular population and depend on the characteristics of its 
environment. The slope of line segment at any point in the corresponding direction (slope) field, is given by the 
height of the parabola for kP(L – P) at each value of P as shown in the following diagram:

Students could be asked to depict the slope field of the logistic equation over an appropriate region of the (t, P) 
plane and to explain their choice of region. 

At each point (tm, Pn) on a well defined grid in the (t, P) plane, a short line segment with a slope kPn(L – Pn) can be 
marked for that point.

Students could then be asked to sketch the set of particular solutions curves satisfying initial conditions such as 
P(0) = L/2, P(0) = L and P(0) = 3L/2 over the direction (slope) field; and to comment on the form of the slope field 
in the land surrounding. This could include consideration of which population has the greatest growth rate.

An isocline is the locus of points within the slope field along which the slope is constant. Students could 
be asked to describe the isoclines of the logistic equation. The logistic equation is autonomous, that is, the 
independent variable is not present in the right-hand side of the equation. Students could consider how the 
autonomy of the governing equation affect the corresponding direction (slope) field.

The population of trout within a lake could be modelled using the logistic equation. It has been proposed by the 
managers of the lake to allocate a fixed quota of these trout to fishing. Students could be asked to explain why 
the equation governing the trout population under the fixed quota policy becomes

and to investigate the effect of q on the logistic equation parabola and how this affects the direction (slope) field. 
This investigation could include justification for the selection of a maximum q and analysis of how the maximum 
of q is related to the maximum of kP(L – P) and consideration of the minimum sustainable fish population for a 
given choice of q. 

Detailed example 2

LOGISTIC EQUATION INVESTIGATION

d
d
P
t kP L P= −( )

d
d
P
t kP L P q= − −( )
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kP (L P)

height here
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t

P

a
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Outcome 3 Examples of learning activities

Select and appropriately 
use a computer 
algebra system and 
other technology to 
develop mathematical 
ideas, produce 
results and carry out 
analysis in situations 
requiring problem-
solving, modelling or 
investigative techniques 
or approaches.

technology should be used to enhance the learning of mathematics throughout 
the course; students will have the opportunity to use a variety of technologies 
as part of their mathematics learning and learning activities should reflect this; it 
is assumed that all students will have access to an approved CAS and teachers 
should develop courses that encourage the appropriate use of this technology; 
students should be able to recognise limitations of technology and decide when 
the use of technology is appropriate or not  in a given context

identification and analysis of key features of functions (e.g. reciprocal functions) 
in graphical, tabular and numerical form (including associated problems involving 
analytical and/or numerical differentiation and integration and applications)

production of collections of results in response to variation of parameters used to 
define a type of function (e.g. the role of boundary conditions, in particular, initial 
conditions in determining features of the family of graphs that represent functions 
which are solutions to a differential equation), including the use of CAS technology 
to generate direction (slope) fields

use of dynamic geometry software to explore conic sections in cartesian and 
parametric forms, transformations of the plane, vector algebra and constructions 
associated with geometric proofs

drawing families of parametrically described functions in two dimensions and three 
dimensions and drawing regions in the complex plane using CAS

solving equations which need numerical approaches, such as a polynomial 
equation with a circular function, and the numerical solution of differential 
equations using CAS

use of symbolic manipulation to explore and check patterns and conjectures 
associated with generalisable algebraic arguments

Supporting technology should be used extensively in the classroom, with appropriate contexts for 
each of the outcomes. Attention needs to be given to assisting students in developing recording skills. 
Thus, if students are using technology to deduce the relationship between a graph of a function and 
the graphs of their anti-derivatives, they should be encouraged to sketch and annotate these graphs as 
they are produced. The appropriate use of programs for CAS, where these are clearly related to the task 
at hand, provides students with an opportunity to develop an understanding of underlying processes 
related to the development of algorithms to implement mathematical processes and techniques.
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An iterative procedure using tangents to a curve 
can be employed to solve equations in a single 
real variable x of the form ƒ(x) = 0 provided that 
ƒ(x) is sufficiently smooth, and its derivative ƒ´(x) is 
available. Let yn = ƒ(xn)  where xn is near a root and 
construct the tangent line approximation  
(y – yn) = ƒ´(xn)(x – xn) as shown in the following 
diagram. Solving for the x-intercept of the tangent 

line gives 	  where yn has been 

replaced with ƒ´(xn). This process can be repeated 

using 	 . An initial value x = x0 is 

chosen such that ƒ(x0) is close to zero.

This process can be continued until the fixed  
point is approximated to sufficient accuracy,  
i.e. |xn+1 – xn| ≤ ε for some prescribed tolerance ε, 
where ε is a small positive real constant.

This process can be adapted to examine roots of 
polynomial equations in the complex plane, that is, 
where a complex variable z is used instead of a real 
variable x.

Consider the complex polynomial equation  
z3 – 1 = 0. The set of points in the complex plane 
such that initial conditions chosen in this set 
dynamically evolve to a particular solution (root) 
of the equation z3 – 1 = 0 is called the basin of 
attraction of the root. These basins depict a 
fractal image, and starting points on the boundary 
between different basins exhibit chaotic behaviour 
(that is, the fixed point for convergence is extremely 
sensitive to the initial condition).  

A CAS can be used to carry out the iterative 
processes, using a program or algorithm such as 
the following:

Students could investigate basins of attraction 
related to the equation zn – 1 = 0 for different values 
of n.

Detailed example

CONSTRUCTING IMAGES IN THE COMPLEX PLANE

x x
f x
f xn

n

n
= -

( )
( )′

x x
f x
f xn+ n

n

n
1 = -
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y

(xn, yn)

(xn+1, 0)
x

y = f(x)

y – yn = f´(xn) (x –xn)
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APPROACHES TO ASSESSMENT

Assessment tasks must be selected from those designated for the study, the following detailed examples 
illustrate possible application tasks. Each of the preceding activities could be suitably developed as 
an assessment task. The specific or general nature of various components will depend on whether the 
intended tasks is a test, analysis task or application task. Teachers also need to consider which tasks 
and/or components of tasks are suited to mental, by hand or technology assisted/expected approaches. 
In each case, the intended tasks should provide students with the opportunity to demonstrate key 
knowledge and skills for the outcomes, drawing on content from the areas of study for the course.

The following context could be used to develop 
either a test or an analysis task, depending on the 
use of specific or general formulation of aspects 
of the task. This could include a suitable selection 
and/or combination of multiple-choice, short-
answer or extended-response items. 

Let q: R → R where q(x) = ax2 + bx + c and define  
ƒ: X → R where ƒ(x) = k

q x( )
	and k is a non-zero real 

constant.

The first component of the assessment could 
focus on finding the maximal domain and range, 
and determining the existence and equations/
coordinates of asymptotes, intercepts, stationary 
points and points of inflection for specific 

combinations of values of the parameters (test) or 
generally in terms of the parameters, a, b, c and k 
(analysis task), and the nature of q(x).

The second component of the assessment could 
focus on techniques of anti-differentiation, for 
specific cases (test) or in general (analysis task) in 
terms of the factorised or perfect square form of 
q(x).

The third component of the assessment could focus 
on consideration of related definite integrals and 
areas, and the conditions under which the definite 
integral of ƒ(x) over [a, b] is not defined for different 
values of the parameters a, b, c and k.

Detailed example

TEST OR ANALYSIS TASK ON RATIONAL FUNCTIONS

Quadrilaterals can be classified in terms of properties of their diagonals. Students could be asked to use vector 
proof methods to establish these results for a selection of quadrilaterals listed in the following table:

Properties of diagonals

Shape Equal in length? Perpendicular? Bisect each other?

trapezium no no no

kite no yes no

parallelogram no no yes

rectangle yes no yes

rhombus no yes yes

square yes yes yes

A particular selection of these could be combined with questions of similar design to extended analysis vector 
questions from previous examination 2 papers, and consideration of linear independence of a set of vectors.

Detailed example

analysis task on vectors and geometric proofs
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The motion of a celestial body such as satellite, 
about a planet can be approximately considered as 
motion in a plane, and this motion can be described 
using complex numbers. Assume that the location 
of a planet of mass M is given at the origin of the 
argand diagram shown below. The position of the 
satellite, with (very much smaller) mass m, relative 
to the planet, is given by the complex number  
z = x + iy = r cisθ which is itself a function of time, t, 
according to newton’s second law:

	

Unfortunately, a straightforward analytical solution 
of this equation is not available, so numerical 
methods similar to euler’s method are used instead. 
By changing the independent variable from  
t to θ = arg(z), the dependent variable to    
(the reciprocal of |z|), and several applications of 
the chain rule for differentiation, newtons second 
law can be transformed to the simpler differential 
equation:

		  (2)

which governs the angular (θ) dependence of the 
radial distance (r) of a satellite orbiting around a 
planet and involves positive real constants a and e, 
which need to be determined.

Component 1

In the first part of the application task, students 
could be asked to tackle some specific problems 
which familiarise them with the context. For 
example, they could be asked to:

Verify that  

is the general solution of the transformed governing 
equation.

They could then be asked to choose constants A 
and B that satisfy the initial conditions

and comment on the local behaviour of the solution   
in a small interval of θ = 0.

Students could also be asked to:

•	 Show that the position of the satellite at angle θ 
is given by the complex number

•	 Find the minimum (periapsis) and maximum 
(apoapsis) values of |z| on the orbit of the 
satellite, along with the corresponding values of   
θ at these points.

•	 Plot the complex region

	  with θ ∈[–π, π], 

	 e = 0.5 and a = 1 and comment on the form of 
this region.

Component 2

Celestial bodies such as comets can follow a more 
general path where:

	 where e ≥ 0, α ≥ 0

Students could be asked to investigate a family of 
these paths for appropriate sets of e and α.

Component 3

Student could be asked to show that the cartesian 
form of the paths

in Component 2 can be re-written as  
(1 – e2)x2 + y2 + 2αex – α2 = 0 and to generate all 
possible types of path by restricting e and α to 
membership of explicitly stated sets.

Detailed example

APPLICATION TASK: MODELLING THE 2 BODY PROBLEM IN THE COMPLEX PLANE
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