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SECTION A – continued
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Question 1
The	graph	below	shows	one	cycle	of	a	circular	function.

x

y

4

2

O

–2

1

The	rule	for	the	function	could	be
A. y	=	3sin(x)	+	1	

B. y x
= − 






 +3

2
1sin

π

C. y	=	−3cos(2π x)	+	1

D. y	=	3sin(2π x)	−	1

E. y	=	−3sin(2π x)	+	1

Question 2
If	3f (x)	=	f	(3x)	for	x	>	0,	then	the	rule	for	f	could	be

A. f (x)	=	3x

B. f x x( ) = 3

C. 
3

 ( ) =
3
xf x

D. ( ) log
3e
xf x  =  

 

E. f (x)	=	x	−	3

SECTION A – Multiple-choice questions

Instructions for Section A
Answer	all	questions	in	pencil	on	the	answer	sheet	provided	for	multiple-choice	questions.
Choose	the	response	that	is	correct	for	the	question.
A	correct	answer	scores	1;	an	incorrect	answer	scores	0.
Marks	will	not	be	deducted	for	incorrect	answers.
No	marks	will	be	given	if	more	than	one	answer	is	completed	for	any	question.
Unless	otherwise	indicated,	the	diagrams	in	this	book	are	not	drawn	to	scale.
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SECTION A – continued
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Question 3

The	function	f : D → R,	 f x x x x x( ) = − − +
4 3 2

4 3
9

2
9 	will	have	an	inverse	function	for

A. D = R
B. D	=	(–3,	1)
C. D	=	(1,	∞)
D. D	=	(–∞,	0)
E. D	=	(0,	∞)

Question 4
The	graph	of	f :	R → R,	f (x)	=	x3	+	ax2	+	bx	+	c	has	a	turning	point	at	x	=	3	and	a	y-intercept	at	y	=	9.
The	values	of	a,	b	and	c	could	be,	respectively
A.	 −5,	3	and	9

B.	 7,	−15	and	−9

C. − −2 3
2

9, and

D.	 5,	−3	and	−9

E.	 −1,	−3	and	9

Question 5

The	expression	 log3 2
5

q p








 	is	equivalent	to

A.	 log3(5)	–	log3(q)	–	log3(p)

B. 
1
2

5 2 23 3 3log ( ) log ( ) log ( )− −q p

C. 
1
2

5 23 3 3log ( ) log ( ) log ( )− −q p

D.	 2 log3(5)	–	2 log3(q)	–	log3(p)

E.	 2 log3(5)	–	2 log3(q)	–	2 log3(p)

Question 6
The	sum	of	the	first	four	positive	solutions	to	the	equation	tan(2x)	−	1	=	0	is

A. 
3
2
π

B. 
5
2
π

C. 2π

D. 
7
2
π

E. 4π
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SECTION A – continued
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Question 7
Part	of	the	graph	of	y = f	′(x)	is	shown	in	the	diagram	below.

3

2

1

–1
O 3

2

1–1 4

y

x

Given	that	f	(0)	=	1,	the	corresponding	part	of	the	graph	of	y = f	(x)	could	be

2

–2

1O 2 3 4

y

x

2

–2

1O 2 3 4

y

x

2

–2

1O 2 3 4

y

x

2

–2

1O 2 3 4

y

x

2

–2

1O 2

3

4

y

x

A. B.

C. D.

E.

1

1

1

1

1

–1
–1

–1
–1

–1
–1

–1
–1

–1
–1
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Question 8

Part	of	the	graph	of	a	polynomial	function	f	 is	shown	below.	This	graph	has	turning	points	at	 − −( )2 2 1,  
and	 2 2 1, −( ).

y

x
–4 4O

f	(x)	is	strictly	decreasing	for

A. x ∈	(–∞,	–	4]	∪	[4,	∞)

B. x ∈	[–	4,	4]	

C. x∈ −

2 2 2 2,

D. x∈ −∞ −( 
 ∪





, ,2 2 0 2 2

E. x∈ −

 ∪ ∞

 )2 2 0 2 2, ,

Question 9
The	continuous	and	differentiable	function	f :	R → R has	roots	at	x	=	1	and	x	=	6	and	a	repeated	root	at	x	=	4.

Given	that	
4

1
( )f x dx a=∫ 	and	

6

4
( )f x dx b=∫ ,	where	a,	b ∈ R,	 f x dx( ) +( )∫ 1

1

6
	is	equal	to

A. a	+	b	+	1
B. a	–	b	+	1
C. a	+	b	+	5
D. a	–	b	–	5
E. a	–	b

Question 10
Consider	the	graph	of	f	:	R → R,	f (x)	=	– x2	–	4x	+	5.	
The	tangent	to	the	graph	of	f	 is	parallel	to	the	line	connecting	the	negative	x-intercept	and	the	y-intercept	
of	f	when	x	is	equal	to
A.	 −3

B. −
5
2

C. −
3
2

D.	 −1

E. −
1
2
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SECTION A – continued
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Question 11
A	survey	of	a	large	random	sample	of	people	found	that	an	approximate	95%	confidence	interval	for	the	
proportion	of	people	who	owned	a	yellow	rubber	duck	was	(0.6299,	0.6699).
The	number	of	people	in	the	random	sample	is	closest	to
A.	 	 569
B.	 1793
C.	 2108
D.	 2179
E.	 2185

Question 12
The	transformation	T :	R2 → R2	maps	the	graph	of	y = x3	−	x	onto	the	graph	of	y	=	2(x −	1)3	−	2(x −	1)	+	4.
The	transformation	T	could	be	given	by

A. T
x
y

x
y


















 =

















 +










1 0
0 2

1
4

B. T
x
y

x
y
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 +










1 0

0 1
2

1
4

C. T
x
y

x
y
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 +










2 0
0 1

1
2

D. T
x
y

x
y


















 =





















 +










1
2

0

0 1

1
2

E. T
x
y

x
y


















 =

















 +










1 0
0 2

1
2

Question 13

For	the	function	p (x)	=	ke−k x,	where	x	≥	0	and	k	>	0,	the	value	of a	for	which	 p a p( ) ( )=
1
2

0 	is

A. 
1 1

2k elog 







B. 
1 2
k elog ( )

C. k	loge (2)

D. k elog 1
2









E. k
kelog 1

2
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Question 14
A	continuous	random	variable,	X,	has	the	probability	density	function

f x
e x

x

x

( )
. .

=
≥
<





−0 2 0
0 0

0 2

The	variance	of	X	is
A. 25
B.	 12.5
C.	 	 6.25
D.	 	 3.125
E.  0

Question 15
The	graphs	of	functions	f	and	g	are	shown	below.	Both	functions	have	the	same	domain	of	[0,	b],	where	 
b	>	0,	and	the	same	average	value.

O

2b

f

y

x
b O

g

y

x
b

8

The	value	of	b	is
A.	 	 1
B.  2
C.  4
D.  8
E.	 16

Question 16
In	a	particular	city,	it	is	known	that	70%	of	all	adults	get	their	hair	cut	every	month.	A	random	sample	of	 
720	adults	from	this	city	is	selected.
From	this	sample,	the	probability	that	the	proportion	of	adults	who	get	their	hair	cut	every	month	is	greater	
than	0.72	is
A.	 0.2104
B.	 0.1359
C.	 0.1187
D.	 0.0847
E.	 0.0392
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Question 17
Part	of	the	graph	of	the	function	f	 is	shown	below.
The	smallest	positive	x-intercept	of	the	graph	occurs	at	x = a.
The	horizontal	line	is	a	tangent	to	f	at	the	local	minimum	 b f b,  ( )( ).
The	shaded	area	is	the	area	bounded	by	the	graph	of	f,	the	x-axis,	the	y-axis	and	the	graph	of	y = f (b).

( ), ( )b f b

(a, 0)

y

O
x

The	area	of	the	shaded	region	is

A. a f b f x dx
a

b
( ) ( )+ ∫

B. a f b f x dx
a

b
( ) ( )− ∫

C. f x dx b f b
a

b
( ) ( )+∫

D. b f b f x dx
a

b
( ) ( )− ∫

E. f x dx b f b
a

b
( ) ( )−∫

Question 18

Given	that	
d x x

dx
x x x

cos( )
cos( ) sin( )( )

= − ,	 sin( )x x dx∫ 	is	equal	to

A.	 cos(x)	−	x	cos(x)

B. cos cos( ) ( )x x x dx+ ∫
C. x x x dxcos( ) cos( )− ∫
D. cos cos( ) ( )x dx x x−∫
E. 

−x x
x

cos( )
cos( )
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END OF SECTION A
TURN OVER

Question 19
A	cubic	polynomial	function	f :	R → R	has	roots	at	x	=	1	and	x	=	3	only	and	its	graph	has	a	y-intercept	at	 
y =	3.
Which	one	of	the	following	statements	must	be	true	about	the	function	g,	where	g x f x( ) ( )= ?
A.	 The	function	g	has	a	local	maximum	at	x = 2
B. g(2)	=	1
C.	 The	domain	of	g	does	not	include	the	interval	(1,	3)
D.	 The	domain	of	g	includes	the	interval	(1,	3)
E.	 The	domain	of	g	does	not	include	the	interval	(3,	∞)

Question 20
The	probability	distribution	for	the	discrete	random	variable	X,	where	b ∈ R,	is	shown	in	the	table	below.

x 0 1 2 3

Pr(X = x) 4
5

1
10

3− b 15 2
50

2b − 9 5
50
b +

The	value	of	b	is
A.	 –0.4
B.	 –0.3
C.	 –0.2
D.	 	 0.2
E.	 	 0.5
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SECTION B – Question 1	–	continued

Question 1 (11	marks)
Let	 f R R f x x x: , ( ) cos( ) cos( )→ = − +( )2 4 	and	g :	R → R,	g (x)	=	2cos(x).

a.	 State	the	period	and	the	amplitude	of	g. 1	mark

b.	 Find	the	value	of	c	for	which	f	(c)	=	0,	where	c∈





0

2
, π . 1	mark

c.	 Find	the	minimum	value	of	f. 1	mark

SECTION B

Instructions for Section B
Answer	all	questions	in	the	spaces	provided.
In	all	questions	where	a	numerical	answer	is	required,	an	exact	value	must	be	given	unless	otherwise	
specified.
In	questions	where	more	than	one	mark	is	available,	appropriate	working	must be	shown.
Unless	otherwise	indicated,	the	diagrams	in	this	book	are	not	drawn	to	scale.
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SECTION B – Question 1	–	continued
TURN OVER

Parts	of	the	graphs	of	the	functions	of	f	and	g	are	shown	below.	

The	graphs	of	f	and	g	touch,	but	do	not	cross,	at	the	points	(p, q)	and	 π
3

, v





.

y

x
O

g

(p, q)

f

,
3

vπ 
 
 

d.	 Find	the	values	of	p	and	q. 2	marks

e. i.	 Find	the	value	of	the	derivative	of	f	and	the	value	of	the	derivative	of	g at x = π
3
. 2	marks

 ii.	 Find	the	equation	of	the	tangent	to	the	graphs	of	f	and	g at x = π
3
. 1	mark

 iii.	 Find	the	equation	of	the	line	perpendicular	to	the	graphs	of	f	and	g at x = π
3
. 1	mark
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SECTION B – continued

f.	 The	area	bounded	by	the	graphs	of	f	and	g	is	shaded	in	the	diagram	below.

y

x
O

g

f

	 Find	the	area	of	the	shaded	region. 2	marks
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SECTION B – continued
TURN OVER

CONTINUES OVER PAGE
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SECTION B – Question 2	–	continued

Question 2 (10	marks)

The	function	h x
x

x xe( ) log , [ , ]=
−( )

−





 ∈

3200
5

5
4

10 502  where ,	models	the	rate	at	which	heat	is	lost

from	the	water	in	a	hot-water	pipe	with	insulation,	where	h(x) is	the	rate	at	which	units	of	heat	are	
lost	from	the	water	and	x is	the	radius	of	the	hot-water	pipe	with	its	insulation,	in	millimetres.
The	diagram	below	shows	a	cross-section	of	the	pipe	with	its	insulation.	

radius of pipe
with insulation

radius of pipe

O

x

The	radius	of	the	pipe	without	its	insulation	is	10	mm.
The	graph	of	the	rate	of	heat	lost	from	the	water	over	the	given	domain	is	shown	below.

O

40

30

20

10

10 20 30 40 50
x

h

a. Find	the	rate	at	which	heat	is	lost	from	the	water	in	a	pipe	with	no	insulation,	correct	to	three	
decimal	places. 1	mark
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SECTION B – Question 2	–	continued
TURN OVER

b. i.	 State	the	derivative	of	h (x). 1	mark

 ii. Find	the	maximum	rate	at	which	heat	is	lost	from	the	water,	correct	to	three	decimal	
places. 1	mark

c. A	particular	insulated	pipe	has	the	same	rate	of	heat	lost	from	the	water	as	a	pipe	with	no	
insulation.	

	 Find	the	thickness	of	insulation	for	this	pipe,	in	millimetres,	correct	to	three	decimal	places. 1	mark

d. i.	 If	both	the	radius	of	the	pipe	without	insulation	and	the	radius	of	the	pipe	with	insulation,	
as	shown	in	the	diagram	on	page	14,	are	doubled,	show	that	the	rate	of	heat	lost	from	the	
water,	h1,	is	now	given	by

h x x
x e1 2
12 800 10

810
( ) log=

−







−( )
 

	 	 and	state	the	domain	of	h1. 2	marks

 ii.	 Describe	the	transformation	that	maps	the	graph	of	h	to	the	graph	of	h1. 1	mark
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SECTION B – continued

e. i.	 Find	the	area	between	the	graph	of	h1	and	the	horizontal	axis	over	its	domain.	Give	your	
answer	correct	to	three	decimal	places. 2	marks

 ii.	 Let	the	area	found	in	part e.i.	be	A.	

	 	 Determine	the	area	between	the	graph	of	h and	the	horizontal	axis	over	its	domain,	in	
terms	of	A. 1	mark
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SECTION B – continued
TURN OVER

CONTINUES OVER PAGE
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SECTION B – Question 3	–	continued

Question 3 (10	marks)
The	parabolic	arch	of	a	tunnel	is	modelled	by	the	function	f	:	[−c,	c] → R,	f	(x)	=	ax2	+	b,	where	 
a < 0,	b ∈ R	and	c	>	0.
Let	x	be	the	horizontal	distance,	in	metres,	from	the	origin	and	let	y	be	the	vertical	distance,	 
in	metres,	above	the	base	of	the	arch.
The	graph	of	f	 is	shown	below,	where	the	coordinates	of	the	y-intercept	are	(0,	k)	and	the	
coordinates	of	the	x-intercepts	are	(−c,	0)	and	(c,	0).

y

c–c O

k

x

f

a.	 Express	a and	b in	terms	of	c and	k. 2	marks
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SECTION B – Question 3	–	continued
TURN OVER

A	particular	tunnel	has	an	arch	modelled	by	f.	It	has	a	height	of	6	m	at	the	centre	and	a	width	of	 
8	m	at	the	base.

b. i. Find	the	rule	for	this	arch. 1	mark

 ii. A	truck	that	has	a	height	of	3.7	m	and	a	width	of	2.7	m	will	fit	through	the	arch	with	the	
function	f	 	found	in	part b.i. 

y

x

k

–c cO

d

truck

f

	 	 Assuming	that	the	truck	drives	directly	through	the	middle	of	the	arch,	let	d	be	the	
minimum	distance	between	the	arch	and	the	top	corner	of	the	truck.	

	 	 Find	d	and	the	value	of	x	for	which	this	occurs,	correct	to	three	decimal	places. 3	marks
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SECTION B – Question 3	–	continued

A	different	tunnel	has	a	semicircular	arch.	This	arch	can	be	modelled	by	the	function	
g R g x r x: [ , ] , ( )− → = −6  6 2 2 ,	where	r > 0.
The	graph	of	g	is	shown	below.

6

x
6O–6

y

g

c.	 State	the	value	of	r. 1	mark



	 21	 2021	MATHMETH	EXAM	2	(NHT)

d
o

 n
o

t
 w

r
it

e
 i

n
 t

h
is

 a
r

e
a

d
o

 n
o

t
 w

r
it

e
 i

n
 t

h
is

 a
r

e
a

SECTION B – continued
TURN OVER

d.	 Two	lights	have	been	placed	on	the	arch	to	light	the	entrance	of	the	tunnel.	The	positions	of	
the	lights	are	 −( ) ( )11 5 11 5, ,and .	The	area	that	is	lit	by	these	lights	is	shaded	in	the	

	 diagram	below.

6

x
6O–6

y

( )11, 5− ( )11, 5

 Determine	the	proportion	of	the	cross-section	of	the	tunnel	entrance	that	is	lit	by	the	lights.	
Give	your	answer	as	a	percentage,	correct	to	the	nearest	integer. 3	marks
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SECTION B – Question 4	–	continued

Question 4 (17	marks)
A	particular	petrol	station	has	two	air	pumps,	A	and	B,	to	inflate	tyres.	Each	inflation	of	a	tyre	is	
independent	of	any	other	inflation	of	a	tyre.
When	pump	A	is	set	to	320	kilopascals	(kPa),	the	pressure	that	the	tyres	will	be	inflated	to	follows	 
a	normal	distribution	with	a	mean	of	320	kPa	and	a	standard	deviation	of	10	kPa.

a. 	 Find	the	probability	that	a	tyre	will	be	inflated	to	a	pressure	greater	than	330	kPa	when	inflated	
by	pump	A,	correct	to	four	decimal	places. 1	mark

b.	 The	probability	that	a	tyre	is	inflated	by	pump	A to	a	pressure	greater	than	a	is	0.9	

	 Find	the	value	of	a,	correct	to	the	nearest	kilopascal. 2	marks

When	pump	B	is	set	to	320	kPa,	the	pressure	that	the	tyres	will	be	inflated	to	is	modelled	by	the	
following	probability	density	function.

b x
x x x

( )
( ) ( )

=
− − ≤ ≤






3
40000

310 330 310 330

0

2

elsewhere

c.	 Determine	the	mean	tyre	pressure	for	tyres	inflated	by	pump	B. 2	marks

d.	 A	randomly	selected	tyre	is	inflated	by	pump	B.

	 Find	the	probability	that	this	tyre	will	be	inflated	to	a	pressure	greater	than	the	mean	tyre	
pressure	of	tyres	inflated	by	pump	B,	correct	to	four	decimal	places. 2	marks
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SECTION B – Question 4	–	continued
TURN OVER

e.	 The	probability	that	a	tyre	is	inflated	by	pump	B to	a	pressure	less	than	k	is	0.95

	 Find	the	value	of	k,	correct	to	the	nearest	kilopascal. 2	marks

f.	 A	motorist	is	equally	likely	to	use	either	pump	A	or	pump	B	to	inflate	one	of	their	car’s	tyres.

	 Find	the	probability	that	the	motorist	has	used	pump	A	given	that	the	tyre	is	inflated	to	a	
pressure	greater	than	325	kPa.	Give	your	answer	correct	to	four	decimal	places. 2	marks

The	company	that	manufactures	the	pumps	tests	all	of	its	pumps	and	removes	those	that	are	
defective.
The	probability	that	a	randomly	selected	pump	is	defective,	from	all	of	the	pumps	tested,	is	0.08

g.	 Find	the	probability	that	four	pumps	are	defective	from	a	sample	of	25	randomly	selected	
pumps,	correct	to	four	decimal	places. 2	marks

h.	 For	random	samples	of	25	pumps,	P̂	 is	the	random	variable	that	represents	the	proportion	of	 
pumps	that	are	defective.

	 Find	the	probability	that	P̂	 is	greater	than	15%,	correct	to	four	decimal	places. 2	marks
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SECTION B – continued

i.	 For	random	samples	of	n	pumps,	P̂ n	is	the	random	variable	that	represents	the	proportion	of	
pumps	that	are	defective.	

	 Find	the	least	value	of	n	such	that	 1ˆPr 0.15nP
n

 < < 
 

2	marks
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SECTION B – continued
TURN OVER

CONTINUES OVER PAGE
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SECTION B – Question 5	–	continued

Question 5 (12	marks)

Let	 f R R f x
x

g R R g x x: , ( ) : , ( )+ → = − → = −
1

5
6
5

4
52 and .

Parts	of	the	graphs	of	f	and	g	are	shown	below.

A

B

y

O

–1

–2

1 2
x

f

g

a.	 Find	the	coordinates	of	the	points	of	intersection	of	the	graphs	of	f and	g,	labelled	A	and	B in	
the	diagram	above. 2	marks

b.	 Determine	the	area	bounded	by	the	graphs	of	f	and	g	between	A	and	B.	Give	your	answer	in	

the	form	 r s t
u
+ ,	where	r,	s,	t	and	u	are	integers. 2	marks
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SECTION B – Question 5	–	continued
TURN OVER

Let	 2
1 1 (1 ): , ( )  and : , ( ) for 1a a xp R R p x q R R q x a

ax a a
+ + −
→ = − → = > .

c.	 Find	the	value	of	a	for	which	p (x)	=	f	(x)	and	q (x)	=	g (x)	for	all	x. 1	mark

d.	 Find	the	positive	x-intercept	of	p	in	terms	of	a. 1	mark

Point	M	lies	on	the	graph	of	y = p (x).	The	tangent	to	p at M	is	parallel	to	q.

e.	 Find	the	x-coordinate	of	M	in	terms	of	a. 2	marks
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SECTION B – Question 5	–	continued

f. i.	 Find	the	y-intercept	of	the	tangent	to	p at M	in	terms	of	a. 1	mark

 ii.	 Given	that	 2
3

2 1
1
3

2
3x x≥ −( ) 	for	x	>	1,	show	that	the	tangent	to	p parallel	to	q	will	have	

	 	 a	negative	y-intercept	for	all	a	>	1. 1	mark

 iii.	 The	tangent	to	p	parallel	to	q	has	a	negative	y-intercept.	

	 	 Explain	why	this	implies	p	and	q	will	always	enclose	a	region	bounded	by	both	graphs	
for	all	a	>	1. 1	mark
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END OF QUESTION AND ANSWER BOOK

g.	 Parts	of	the	graphs	of	p	and	q	are	shown	below	for	when	a	=	100.

y

O

–1

1
x

p

q

	 The	shaded	area	is	bounded	by	the	graphs	of	p	and	q.

	 Find	the	smallest	value,	b,	such	that	the	shaded	area	is	less	than	b	for	all	a	≥	100. 1	mark
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Mathematical Methods formulas

Mensuration

area of a trapezium 1
2
a b h+( ) volume of a pyramid 1

3
Ah

curved surface area  
of a cylinder 2π  rh volume of a sphere

4
3

3π r

volume of a cylinder π r 2h area of a triangle
1
2
bc Asin ( )

volume of a cone
1
3

2π r h

Calculus

d
dx

x nxn n( ) = −1 x dx
n

x c nn n=
+

+ ≠ −+∫ 1
1

11 ,

d
dx

ax b an ax bn n( )+( ) = +( ) −1 ( )
( )

( ) ,ax b dx
a n

ax b c nn n+ =
+

+ + ≠ −+∫ 1
1

11

d
dx
e aeax ax( ) = e dx a e cax ax= +∫ 1

d
dx

x xelog ( )( ) = 1 1 0x dx x c xe= + >∫ log ( ) ,

d
dx

ax a axsin ( ) cos( )( ) =  sin ( ) cos( )ax dx a ax c= − +∫ 1

d
dx

ax a axcos( )( ) −=  sin ( ) cos( ) sin ( )ax dx a ax c= +∫ 1

d
dx

ax a
ax

a axtan ( )
( )

( ) ==
cos

 sec ( )2
2

product rule
d
dx
uv u dv

dx
v du
dx

( ) = + quotient rule
d
dx

u
v

v du
dx

u dv
dx

v






 =

−

2

chain rule
dy
dx

dy
du
du
dx

=
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END OF FORMULA SHEET

Probability

Pr(A) = 1 – Pr(A′) Pr(A ∪ B) = Pr(A) + Pr(B) – Pr(A ∩ B)

Pr(A|B) = 
Pr

Pr
A B
B
∩( )
( )

mean µ = E(X) variance var(X) = σ 2 = E((X – µ)2) = E(X 2) – µ2

Probability distribution Mean Variance

discrete Pr(X = x) = p(x) µ = ∑ x p(x) σ 2 = ∑ (x – µ)2 p(x)

continuous Pr( ) ( )a X b f x dx
a

b
< < = ∫ µ =

−∞

∞

∫ x f x dx( ) σ µ2 2= −
−∞

∞

∫ ( ) ( )x f x dx

Sample proportions

P X
n

=̂ mean E(P̂ ) = p

standard 
deviation

sd P p p
n

(ˆ ) ( )
=

−1 approximate 
confidence 
interval

,p z
p p

n
p z

p p
n

−
−( )

+
−( )
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